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,Ali.sir,tci- I'erformance o f  bath orthogonal frequency division 
multiplexing (OFDM) and single carrier (SC) systems suffers 
Iron) a carrier frequency offset (CFO) due to Doppler effect 
iind the ciwrier instability between the transmitter and the 
receiver. \\'e investigate the bi t  ermr rate @ER) performance 
degradation of OFDhl and SC systems due to the frequency offset 
in a n  additive white Gaussian noise ( A W G N )  channel as well as 
n,altip:ith fhd?kigh fading channels. W e  consider three effects to 
the UER degradation. i.e.. pha. hilt. useful power decrease and 
intercai-rkr interference (ICI). W e  also derive the approximate 
c\prcssions o f  HER under hinary phase shift keying (BPSK) and 
qoa~ernzir? phase shift keying (QPSK) far both OFDM and SC 
\)stems in the presence o f  CFV. In general, SC is more robust 
t i )  CFV in the AtVCR' channel than OFDM in  terms of BER. 
while both of' them suffer sintihi-ly from CFO in  the multipath 
Rayleigh fading channels assuming tlie the same CFO. 

i,~,/e.r 7>rm.s- OFDhl. single cart-ier. channel frequency offset 

I. ~ N ' l l < ~ J l ~ L l ~ ' ' l l O N  

Orihogonal frcqiiciicy division mdtiplcxing [I], a spectrally 
cl'licicnt tbrni o f  1.1-cqiicncy division multiplexing (FDM). 
i l i i i d c s  i t s  nllociitcd clianncl spectrum into several parallel 
sib-clianiicls. OFDM i s  inhcrciitly robusr ag;iinst frequency 
sclcctivc fading. sincc L'HCII sub-channel occupies a rclativcly 
i l i t rrw bmd. where tlic ChInncI kcquency characteristic i s  
nciirly tlat. 4 con-csponding system proposed for high spced 
data traiisiiiissioii i s  a SC system with tlie cyclic prefix (CP) 
11i11cr1tcd from OFDM[3][7]. SC systcnis with cyclic prefix has 
ii sttiil>lc equalizittioii nictliod in tlic frequency domain. 

l l i c  OFDM and SC signals arc usually transmitted after 
i ts hadxi t id signal modulatcs a r d i o  carrier frequency. e.g.. 
X i H z  for IEEE S02.I la. Although this frcquency is known to 
l l i c  rccc~\'c~-. the tolcruicc of]-adio frequcncy (RF) coniponcnts 
15 i isui i l l j  xu large l l i i i t  tliurc u'ill he a lion-ncgliyible frequency 
dcvI;ilioii. Anotlicr sourcc of fi-equcncy offset i s  thc Doppler 
shi f t  ciiiisxi by tlic relative speed bctwccn the corresponding 
Ifiinsiiiittcr and rccciwr or tlic niotiini o f  other objects around 

'I'hcrc are tlircc problems affected by this +e- 
iiiiciic) offsci: pliiisc shift. cffccrivc power decrease and ICI. 
All  c i f  thciii will dcgfiidc the performancc of O F D M  and SC 
syslcinb in tci-nis of BER. Prcvious work [2][5] concludes that 
Ol-'lllvl systems arc iiiuch nioru sensitive 10 CFO tliaii tlic SC 

I u o i k  1h. I~WI wpp,mu<l. iii ~WI.  h 
' l ~ l ~ ~ , , ~ ~ ~ , , ~ ~ , , , , ~ ~ , t i , ~ ~ ~ s  (NIC'W1'). 

systcnis. Howevcr. that conclusion is based on a fixcd symbol 
irate. In  the case o f  fixcd symbol irate the OFDM systems havc 
niucli faster bit  rate ilcterniincd by thc cffcctive number o f  
subcwriers. Thus. it i s  not a fair comparison. Furlhcrmore, 
almost all the studies of BEK degradation from CFO i n  OFDM 
ignorc the phase rotation iii each subcarrier. In practice this 

rotation can not bc easily compensatcd whcn the CFO i s  
unknown. Conscqucntly. tlie cffcct o f  the phase rotation must 
bc taken into account i n  cwluating the BER. Sathananthan 
[4] proposes a precise tcchnique for calculating the effect of 
the CFO on the BER i n  an O F D M  system on tlic basis of 
a n  infinite serics expi-ession for the el-]-or function. Howevei: 
the author only considcrs the BER in thc AWGN channel and 
ignorcs the phase rotation. 

In this paper. we derivc the approximate BERs for the 
OFDM and SC systems in the presence o f  CFO under the 
AWGN channel. For OFDM systems. the IC1 i s  approxiniatcd 
as  G;iussian iioisc. For multipath Raylciyh fading channels. 
wc employ sinidations to obtain the BER performance o f  SC 
systems sincc analytical rcsults are difficult to derive. 

The rest of the paper i s  organizcd as follows. In  Scction 
II we wil l  describe thc baseband O F D M  and SC system 
models in the prcsencc o f  frequency offset and make sonie 
assumptions. BERs o f  OFDM and SC in thc AWGN and 
multipath Rayleish Fading channels iii-c prcsented in Section 
111 and IV. respectively. Finally, u'e draw sonic conclusions in 
Scction V. 

11. SYS'I'LM MODGI.  O F  O F D M  ANI1 SC 
1. Sj>,sfelll A4flriel of OFDM 

The OFDM system model ovcr a inilltipath slowly tiinc 
varying fading channcl with CFO can be described as 

I.-I 

!/I(kj = P+ /l,i:l:, ( k  - I j  + I l l  ( k ) .  0 5 k 5 nl - 1: 
I=O 

( 1 )  
wlicre / h i ' s  (0  5 I 5 L - 1) arc i.i.d. complex-vitlucd Rayleigh 
fiiding random variables, and n1(k) 's  (fl 5 k 5 Ai - I )  
are indepcndent complex-valued Gaussian random variahlcs 
with zero niean and vai-iance uf for both rcal and iiii. dl,inary cr' 

components. :cl (0):'' . r:~:l(~lJ - 1)' ai-c time domain trans- 
mitted symbols. L i s  the Icn_eth of the tinic-doniain channcl 

'111 chis ipiipcr we IIX sohscript I Io (Icnot~ OI:I>M relnlcd warsblcs m d  
suhsuiipt 2 10 denote SC relntcd wriahler. 
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impulse response (CIR). It should be noted that this model C. Sinlulntion Model 
can be employed in the AWGN channel by setting ho = 1 
and hi = 0. i 2 1 .  E is the channel frequency offset which is 
normalized by the subcarrier spacing which is roughly w, 
where f0r;Un.r is the total occupied bandwidth by OFDM. 
We assume the intcger part of the frequency offset has been 
estimated and compensated so that the remaining fractional 
frequency offset is within one subcamer spacing (i.e., le( 5 f). 

If we add a cyclic prefix in  each OFDM data frame, with 
its length chosen to bc longer than L,  there will be no inter- 
frame interference (IFI) among the OFDM frames. Thus we 
need to consider only one OFDM frame with M sub-carriers 
to analyze the system performance. After discarding the cyclic 
prefix and performing an FFT at the receiver, we can obtain 
the received data frame in the frequency domain: 

. .  
where H ( m )  is the frequency response of the channel at 
sub-carrier vf. and N ( m )  is the frequency domain Gaussian 
noise variable at sub-carrier m.. The noteworthy term in (2) is 
ICI l (na) ,  which is defined by 

1 L n-m+s,  
ICIl(7n.) = - -y,(n)H(n)ej'r+, 7 i  # m, 

I=O ,,#,a 

which is nonzero if E # 0. 
Equation (2) shows that the frequency offset degrades the 

amplitude of thc received signal in each suncarrier and intro- 
duce inter-carrier interference (ICI). In  addition, a common 
phase shift T- is introduced to the received signal. 

6. Svsteni Model of SC 

(3) 

Assuming similar system parameters to  those of OFDM, 
especially the same frequency offset e ,  a SC system can be 
described as 

L - I  

I&) = P S  hlZp(k - I )  + 11'(k), 0 5 k 5 A4 - 1, 

(4) 
where n : ? ( O ) : .  ' '  ,z2(il- l)  are MPSK or MQAM modulated 
signals without the IFFT operation. E is the channel frequency 
offset which is nomialized by 9, where fsc! is the total 
occupied bandwidth by the SC system. Under the definitions 
of L for OFDM and SC, the same actual frequency offset 
leads to the Sdmc E when fsc = foFD&,. decision statistic 
of demodulating m(i) only depends on ~ ( i )  itself and 
the additive noise. On the contrary, the decision statistic of 
demodulating X , ( i )  depends on A'I(O),. . .  ,Xl(hf - 1) and 
the additive noise due to the FFT operation. This intuitive 
observation reveals that OFDM is more sensitive to CFO than 
SC in the AWGN channel, which can be verified in Section 111. 
However, the difference of the CFO sensitivity of OFDM and 
SC in the multipath rayleigh fading channels is not obvious. 

I=0 

The simulation parameters for OFDM are as  follows: the 
entire channel bandwidth SOOkHz is divided into M = 64 sub- 
carriers (or tones), hence, the subcamer spacing is 12.5kHz. 
To make the tones orthogonal to each other, the frame symbol 
duration is 80 ps. An additional 20 ps long cyclic prefix 
is added to provide protection from IF1 and IC1 due to 
channel dclay spread. Thus, the total OFDM frame length is 
T, = 100 ps and the subchannel symbol rate is I O  kbaud. 
The modulation schcmes used in the system are BPSK and 
QPSK. The simulated system thus transmits uncoded data 
at 0.64 Mbitsis for BPSK and 1.28 Mbitsis for QPSK. The 
maximum Doppler frequency f d  is chosen to be 100Hz, which 
makes f& = 0.01. The channel impulse response used in the 
simulation is 

where C = JC:_Pe-k is the normalization constant and 
a p , O  5 k 5 7 are i:i.d. complex-valued Gaussian distributed 
random variables with zero mean and unit variance, which vary 
in time according to the Doppler frequency. The amplitude of 
cq is Rayleigh distributed. This is a conventional exponential 
decay multipath fading channel model. 

Similar parameters are adopted for the SC system such as 
64 symbols in one block, and a 16-symbol additional cyclic 
prefix is added in the front of each block. Both OFDM and 
SC are operated in the same frequency band with the same 
carrier frequency. 

111. BER IN T H E  AWGN C H A N N E L  

We first study the BER performance in the presence of 
CFO for OFDM in the AWGN channel. Since the CFO is 
not known at the receiver, the common phase shift T- 

in  all subcarriers is unknown and causes degradation of the 
BER. We first give the following lemma that will be useful to 
derive the approximate BER in the sequel. 

Lemma I :  Suppose X,(O), ' . .  , X j ( M  - 1) are indepen- 
dent with zero mean and variance E{IXl(n)l '}  = U$ and 

E { I N ( ~ L ) ~ ~ }  = E {E;&' Ihl' = Eh for all subcarriers 
noted by n , O  5 n 5 Ad - 1. De 

Then, the following equality holds 

for each subcarrier m. 
Proof: The proof is straightforward and we omit it due 

to lack of space. 
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For the AWGN channel, EL = 1 and 

If the CFO is small enough, i.e., t < 1, (7) becomes 

which was initially derived in [5] .  However, Eq. (7) becomes 
much iniore accurate than Eq. (8) when 5 increases. As usual 
I C I ,  (nz) can be approximated as a Gaussian distributed 
random variable because it is a supperposition o f  independent 
identical distributed ( i i d . )  random variab1es:Although a more 
accurate BER has been derived in [4], it is only suitable for 
the AWGN channel. Our Gaussian approximation, on the other 
hand. can also be employed in multipath fading channels. By 
this Gaussian approximation the analytical BER with BPSK 
can bc obtained as 

and the analytical BER with QPSK can be expressed as 

( 
1 P) 

1 a sin ' -+?P + 2Q 

where it is obtained by computing the signal to  interference 
plus noise ratios (SINR) for thc real and imaginary compo- 
nents. 

For a SC systcm opcrating in the AWGN channel, channel 
equalization is not necessary. Thus, there is no interference 
between symbols in one block. However, the CFO causes the 
error probability of each symbol to be different. Therefore, the 
exact BER of SC with BPSK is 

When M >> 1, thc above BER can be approximted by an 
i ntegi-a1 

The corresponding BER of SC with QPSK can be obtained 
using a similar technique: 

When M >> 1, the above BER can be approximted by: 

cos2 ( 2  + 2aex) 
BERl o 

+& (/V) ]dx. (14) 

I t  should be noted that the exact and analytical BERs for 
SC hold only when le1 < f and 1 1 1  < $ for BPSK and 
QPSK respectively. This restriction comes from the fact that 
the phase shiR is so large that it rotates the desired signal out 
of the correct decision region. The corresponding restrictions 
for OFDM are 1 1 1  < f and I E ~  < f for BPSK and QPSK 
respectively. From the the point of view of CFO tolerance, 
OFDM has a larger permissible range . 

. .  . .  (0. I 

Fig. I .  
with BPSK modulation under different CFOs 

Simulated and analytical BERs of OFDM in the AWGN channel 

Figs. 1-4 illustrate the BERs for OFDM and SC in the 
AWGN channel with BPSK and QPSK modulations under 
different CFOs. Both simulation and analytical BER curves 
are displayed in these figures. Although the Gaussian approx- 
imation for IC1 in OFDM is very simple, it leads to BERs 
with acccptable precision. especially for QPSK modulation. 
For BPSK modulation the analytical BERs for OFDM are a 
bit optimistic. The analytic and simulation BERs for SC match 
very well except for QPSK with I = 0.2. The reason is fairly 
simple, i.e.. the CFO exceeds i, which violatcs the condition 
with which the analytical result is meaningless. 

Comparing the corresponding simulated BER curves in 
Figs. 1-3, we found that SC-BPSK is less sensitive to CFO 
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than OFDM-BPSK in terms of BER. Howcvci: SC-QPSK and 
OFDM-QPSK have similar BER performance for thc same 
CFOs. It is quite diffcrent from the previous conclusions made 
in [2] and [ 5 ] .  Remeinbcr all of the abovc results are obtained 
under thc assumption that both OFDM and SC arc subject to 
the same CFO. 

1 ,#, ~ ~-~ .~ .- 
0 ,,o ,,,,..... : . . , : I  

IV. BER IN MUI-TIPAIH R A Y I . I ~ I ( ; I ~ I  FADIN(.;  C H A N N E L S  

To calculate the BERs of OFDM i n  the multipath Raylcigh 
fading channels the siiiiplc Gaussian appi-oxiination of IC1 
docs not give a good BER approximation. Instcad, wc find 
an analytical BER for OFDM i n  the multipath fading channel 
with BPSK modulation as 

. ,  
An analytical BER for OFDM in thc multipath fading channel 
with QPSK modulation is expressed in Eq. 16. 

The above analytical BERs are obtained by first assuming 
the channel freqiicncy responses for all subcarriers are the 
same. i.e. the channel is frequency flat. and then taking 
expectation with respect to the channel frequency responses. 
The two constants 0.93 and 0.97 are the adjustiiieiits for the 
frequency selective channel. Although the dcrivation o f  the 
analytical BERs is empirical. they match the simulation rcsults 
very well (Sce Figs. 5 and 6). In a broad range of CFO. i.e.. 
e = 0.02-0.2, the analytical BER curvcs arc vcry close to the 
corresponding siniulation curvcs both for BPSK and QPSK. 

It is much more ditficult to analyze the BERs of SC i n  the 
multipath fading channel even without CFO. The'BERs ai-e 

0 1 2  1 1  I 6  I 8  P t o  highly dependent on the diffcrent equalization methods [ X I .  
So, we can only resort to numerical results (Figs. 7 and X)to 
demonstrate the effect of CFO on the BERs of SC. We adopt 
frequency domain inininiuni mean square error (FD-MMSE) 
as the equalization method because of its good pcrfomance 
for the whole SNR range wc are interested in and its low 
complexity [PI. Comparing Figs. 5 with 7 for BPSK and 6 
with 8 for QPSK, we find that when e ,: (:.I thc BERs of 
SC are much smaller than the corrcsporidiiig BERs of OFDM. 
This is largely because of the lower BERs o f  SC with FD- 
MMSE in the absence of CFO [ 8 ] .  However. when t > 0.1, 
OFDM and SC havc comparable performance. 

i1b0 

l~ ig .  3. 
III'SK t ~ ~ u t l ~ i i ~ ~ u o  iindei dillken1 Cl;Os 

s~nwlaicd and a,laiyiiciti B I ~ R S  "I s(' ill h e  AWGN c~,snsc! 

--,- j _ _ _ ~ ~ _ ~ _ l ~ _ ~ _ _ T _  - 
! 

V. C O N C L I J Y I O N  

In this papcr we compared thc sensitivity to CFO both 
for OFDM and SC. In paiticular. we invcstigatcd thc bit 
error rate (BER) pci-formancc degi-adation of OFDM and SC 
systems due to the frequency offset i i i  the AWGN channel and 
the multipath Rayleigh fading channel. We considci-ed three 

0 1 z 3 1 EhWO 5 6  7 8 3 ( 0  effects to the BER degradation. i.c., phase shift, useful power 
decrease and ICI. We also derive the approximate expressions 
of BER under BpSK and QpsK for both OFDM and SC 
systems i n  thc presence o f  CFO. Those simple analytical BERs 
are very close to the simulated BERs. Surprisingly. it is shown 

Fig. 4. 
QI'CK i i i i i i l t i lal ioi i  illider ditYcrem CTOs 

Silnl ialcd ant1 ill,;ilyliual RI iKn  0 1  SC ill llir AWGN chmmcl wilh 
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that OFDM can tolerate a largcr variation o f  CFO than SC. I t  
is also demonstrated that SC-BPSK is lcss sensitive to CFO 
than OFDM-BPSK while SC-QPSK and OFDM-QPSK have 
similar BER performance in thc AWGN channel. Furthermore. 
both o f  OFDM and SC suffer similarly from CFO in multipath 
Kayleigh fading channels assuming the the same CFO. 
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