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ABSTRACT

In recent years, the evolution of studies on
system performance evaluation has been characterized
by an increasing use of stochastic process representa-
tions of programs and of statistical techniques in the
measurement and analysis. The present paper attempts
to place some recent progress of this field in per-
spective. TFirst, characterization of computer work-
load 1s discussed in terms of time-series analysis
of the job traffic, and a random walk model of the
program behavior in a virtual memory system, etc.
Secondly, applications of statistical amalysis and
inference techniques to measurement and evaluation
are discussed in an expository form, including recent
empirical results, Thirdly, queueing network models
are reviewed. In particular, we demonstrate how
J.R. Jackson's results on network of queues can be
applied to multiprogrammed/multiprocessing systems.
The last section focuses on the diffusion approxi-
mation approach of queueing processes and program
behavior.

I. INTRODUCTION

Construction of a general quantitative methodo-
logy for system performance evaluation is still in
embryo. Yet, we observe an increasing interest and
progress in this subject. The present paper is in-
tended to review the state-of-the-art of some
important aspects of amalytical studies of system
performance evaluation. We hope the present paper
will serve as an introduction and stimulate fur-
ther evolution of this important field of computer
sclence.

The problem of performance evaluation is essenti-
ally identification of a large complex system driven
by complex inputs. Thus, the first required step is
to characterize job streams and service demands, which
18 the subject of Sect. 2.1. Study on the program
behavior in a paging enviromment is drawing an
increasing attention. In Sect. 2.2, we review
several models of page reference patterns.

A barely explored aspect of system perfor-
mance study i1s the systematic procedure to identi-
fy key system variables which can capture essential
information of the "state" of the system and relate
themselves to a chosen performance criterion. Sect.
IIX discusses some of the statistical analyses and
experimental design techniques which serve for that
purpose.

A recent development in network of queue models
promotes a renewed interest in queueing theoretic
models, and give rise to some hope that more realis-
tic models of multiprogrammed/multiprocessing system:
will be obtained. Sect. IV interprets J.R. Jackson's
result [30] in this context, emphasizing its genera-
lity and more flexibility than closed network models.

A technique which may overcome limitations of
queueing models 1s an approximation method via the
diffusion process representation. Section V re-
views recent work on this subject and presents some
new results as well., Applications of similar treat-
ment to program behavior studies are also touched
upon.

II. CHARACTERIZATION OF WORKLOADS

2.1 Message Traffic and Service Time

Requirements

One important aspect in modelling interactive
gystems or on-line data base systems 1s characteriza-
tion of the job arrival process. Some recent studies
[1, 2, 3] give empirical evidence that an arrival
process can be approximated by a Poisson process,
thus a large body of queueing theory based on the
Poisson arrival may be justified for its use.
Lewls and Yue [2] analyzed the measurement data
of a teleprocessing information retrieval system,
and Anderson and Sargent [3] conducted a similar
study on an experimental APL/360 system. The
analysis proceeds as follows: first, the question
of stationality is examined. Here, a graphical
analysis is of prime importance, For the analysis
of trends, there exist several formal statistical
tests [4]. After an appropriate sample interval
1s chosen to make the traffic rate trend-free over
each interval, the sequence of arrival moments
{tl,tz,t3,...} is examined in two steps: first,
we must show that the arrival process is a renewal
process, i.e. the independence of the interarrival
time sequence {xi} must be tested, where
x; = ti—ti_l. If this test is passed, then apply
uniform conditional tests [4] where the null
hypothesis is that the data arises from a Poisson
process. If the series has been observed for a
fixed time interval T, and n events occur in
(0,T) then we define

£
u ==, 1=1,2,...,n (2.1)
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Under the null hypothesis, the random variables
{u,} are clearly order statistics whose proba-
biiity distribution is uniform over the unit
interval, i.e., its distribution is

Fo(u) = u, Osusl. (2.2)
Denote by Fn(u) the empirical distribution of
the observation {ui}. Then the problem has

been reduced to the canonical form of distri-
bution-free tests of fit [4]. We accept the null
hypothesis, 1f the '"distance" between F,(u) and
Fn(u) is not large. As for measures oP distance,

the Kolmogorov-Smironov Statistics are chosen. Other
distance measures investigated are the Anderson-
Darling statistics, Durbin's modification of these
statistics and the Moran statistics [4]. In both
studies [2, 3], the null hypothesis that the input
traffic is Poisson was not rejected at the signifi-
cance level of 5% in all of the tests discussed above.

In queueing models an exponential distribution
of service time is often assumed for analytical tract-
ability. Although some measurement studies report
validity of such an assumption, several authors [3, 5]
observed that computer processing demand tends to
have a falrly large coefficient of variation (c.v).
Anderson and Sargent [3] report that in the APL system
they measured the coefficient of variation (c.v) was
typically as large as 9 to 10. A large c.v. is often
due to a long tail at the upper end of the probability
density function. A graphical tool to examine the
tail end is the completion rate (the hazard function
or the failure rate). We denote by s the service
time demand variable and by F(s), R(s) - 1-F(s)
and £(s) the distribution function, survivor
function and probability density function. Then
the completion rate ¢(s) 1s defined by

$(s) = —Lli(:) - - -g—s log R(s) . 2.3)
Thus s

R(s) = exp{- / ¢(u)du}. (2.4)

0

If ¢(s) 41s some power of s, 1i.e.,

6(s) = aBs®L, 450, 850 , (2.5)
then ]

F(s) = 1-R(s) = l-e % | (2.6)

This distribution is called the Weibull distribution
with parameters o, 8 [4]. The completion rate is
monotone decreasing if B i1s less than one. The
computer processing distribution of the experimental
APL/360 system is well approximated by the Weibull
distribution with B = 0.25 ~ 0.35 [3].

The hyperexponential (or mixed-exponential)
distribution [4] 1s sometimes a better model than
the Weibull (0<B<l) or Gamma distributions. The
initial value of the probability density function
is not infinite as with the two other distributions,
and this allows for greater flexibility. Another
advantage of the hyperexponential distribution over
other models is that the model can be incorporated
with the notion of parallel stages in queueing
theory [6, 7].

2.2' Representation of Program Behavior

In a virtual memory system with paging, the
behavior of a program is represented by the page
reference string:

I= Ty o0 ¥ (2.7)

PEREE
Let us transform xr into a numerical sequence
d= dldzd3 ces di""‘ where di is the total

number of distinct pages referenced since the
last reference to page name r,. If L has

never bedn referenced in the past, we assign «
to di’ The sequence d 1is called the LRU stack

distance string. The notion of stack distance

was originally introduced by Mattson et al. [8]

in the stack processing technique which is an
efficient evaluation technique for storage hier—
archies. Lewils and Yue [9] and Shedler and Tung
[10] considered the LRU stack distance representa-—
tion of a program in order to quantitatively charac-
terize the dynamical behavior of a program. The
empirical study by Lewis and Yue [9] indicates that
d would very well be stationary even though r is
clearly nonstationary. They also observed that the
power spectrum of sequence d reveals individual
characteristics of programs. When a program 1s
moving toward a mew locality, values of di's tend

to be large, since new pages or those which have not
been referenced for a long perlod are likely to
appear. The di's retain small values while the

program remains within a locality. Therefore, the
rate of transition from one locality to another has

a strong effect on the spectral shape. Shedler and
Tung [10] have proposed to model distance strings by
a certain class of finite state Markov chains. Values
for parameters of the model can be chosen to make the
page~exception characteristics of the generated
sequences of page references consistent with those

of actual program traces, Empirical studies to vali~-
date these models and development of "synthetic"
programs for actual use are yet to be explored.

Some probabilistic characteristics of the work-
ing set and working set size [l1] have been investi~
gated by several authors [12, 13]. The working set
Wi(T) at time 1 1s the set of distinct pages
references In the T most recent references
ti-T+1’ri-T+2""’ri’ and the working set size

wi(T) is simply the size of Wi(T). Properties of

the working set are discussed by Denning and Schwartz
[12] under the statlonarity assumption for r. Most
of theilr results seem extendable to a more general
case where we requlre only the weak stationarity of
w(T). Let

E[wi(T)] = g(T) (2.8)
and let mi(T) be the missing page rate: the proba-
bility that T 18 not found in wi(T)’ The

stationarity of wl(T) implies that mi(T) is in-
dependent of 1 ‘and

8(T+l) ~ s(T) = m(T) (2.9)
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and
s(T+l) - s(T) = l—Fx(T) R (2.10)

where Fx(.) ig the distribution of the inter-refer-

ence interval variable x. An inter-reference interval
x, 18 defined as the total number of pages referenced

i
since the last reference to r,. 1 2 di'

i
Equation (2.9) is obtained from the following obser-
vation: E[wi(T+1) - wi(T)] = g(T+l) -s(T) 1is

Clearly, x

the probability that r, ., which has just left the
window [1~T+1,1], does™ "not find its copy in the
current working set Wi(T)' This quantity should
be equal to m(T), the probability that a new
incoming page Tyl does not find itself in

Wi(T), because of the equilibrium of the working
set size. Similarly, the probability that Ty o
does not find its copy in Wi(T) is equal to

the probability that the inter-reference inter-
val 1s greater than T.

The working set size sequence is representable
as

wi(T) - wi—l(T) + 2y, 1=1,2,,.. (2.11)

where the steps z, can only take the values 1, 0

or -1, So if we can assume that Prob{z,=1} = p,
and Prob{zi = -1} = q, then the process™ w, is a

simple random walk with reflecting barxriers [14]
at w=1 and w=T. Then the limiting equilibrium
distribution of the state occupation probabilities
is given by the truncated geometric distribution:

l-p
Prob{weg} = —3—— &1 s .19, 1
1~ CE)T q
q (2.12)

The above assumption may be acceptable whemn T 1is
relatively small but is clearly unrealistic for a
large value of T. The probability p that zy takes
on 1 should be dependent on the state w e
Similarly, the probability q should be a monotone
increasing function of Wy The process {wi}

may be described as a random walk with some

kind of central restoring tendency. If the pro-
bability of moving one unit towards the center

(E[w] = 8) 1s greater than the probability of moving
one unit away from the center by an amount propor-
tional to the distance from the center, i.e., Tw—s],
then such a random walk has an interpretation in terms
of the Ehrenfest model of diffusion [14, 15]. The
limiting equilibrium distribution is given by a
symmetric binomial distribution. It can be shown by
use of the diffusion approximation that for a large

T the Ehrenfest model goes over into the Ornstein-
Uhlenback (0-U) process. Furthermore, the equilibrium
distribution for the 0-U process between two reflect-
ing barriers is a truncated Gaussian digtribution

[14, 15]. Coffman and Ryan [13] applied the Gaussian
distribution approximation to a study of storage

partitioning in multiprogram environments. Specifically,

the fixed partioning and dynamic partitioning schemes

are compared in terms of the probability that no regions

are in saturation.

III. APPLICATION OF STATISTICAL DESIGN AND
ANALYSIS TECHNIQUES TO PERFORMANCE
EVALUATION

The need for more thorough statistical studies
of empirical data has been recently recognized. See,
for example, Grenander and Tsao [16]. During the
past several years we have observed a significant
amount of efforts made on development of both hard-
ware and software measurement tools. Although some
need still exists for improvement and economization
of these techniques, a more important and difficult
question to be answered is 'what parameters should
be measured?" rather than how to measure these
parameters. A branch in statistics called "design of
experiments' [17] has something to contribute to this
problem. An essential feature of modern experimenta-
tion is the '"randomization out" of the experiment of
the effects of factors outside the experimental struc-
ture. Consider, for instance, a time-sharing system
which uses a round-robin scheduling. We want to ex-~
amine whether different values of the quantum size of
a time slice q affects the average response time

per job x. So we choose different values of the
quantum size: q,, 1 = 1,2,...,m and perform some
experiment., Howéver, the workload changes accord-

ing to the time of day and this unrecognized causal
factor may vary in such a way as to overdominate the
effect due to the quantum size. One obvious method
which can avoid such an effect will be to assign
different eizes of time quantum randomly to different
observation intervals and hence randomize out unrecog-~
nized nuisance factors. Such an arrangement is called
a completely randomized design.

Statistical tests of significance are often use-
ful in Interpreting the results of experiments. Let

ui be the (unknown) expected value of x when the

quantum size is 9y
1s

Then the hypothesis we postulate

H: My = Mg ™ coe = mp. (3.1)
X stands for the set of observations and p(X), the
probability density function. We define the likeli-
hood ratio statistic A by )

max p(X)
Hn
" aax p® (3.2)
Q
where Q d1s the set of assumptions made on the pro-
bability density function p(X). Let xij stand for

the jth sample under the ith treatment, j = 1,2,...,
n,, 1=1,2,,..,m. Let us assume that Xy is nor-
mally distributed: i

X
)2 exp{

n
T 2
P& = 70 I Gegy=uy) )

2 20% 1=l 4=l

1

(¢
270

}
N = n, .
f=1 1

Then some manipulation leads to

Q N

T

l-(1+6-£—) 2 .

a

(3.3)

(3.4)
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where a
Py oy
Q = X, %),
8 Jmi i 71
m
~- = 2
Q. =1 =n,& -x )°, (3.5)
Tr Im1 11, ..
and
- 1 B —
X X z nxy (3.6)

=1
The quantity Qa represents the sum of dispersion

within groups and QTr represents dispersion among

different treatments. Instead of A we may take
any monotone function of A, say,

ANn -3 Qp, / (@=1)
Fo-1,N-m m=1 (A ~1) = '5:7?i357 . 3.7)

1f and only
has the F-dis-

Thus, 1f we define Fo - F(AO), then X<A0

if F>Fo. The statis:;c Fm-l,N-m
tribution with m~1l and n~m degrees of freedom. The
F-test plays a central role in the analysis of
variance. Both the likelihood ratio test and F-
test assume normality of the observation. Investi-
gation has shown, that failure to satisfy this con-
dition has little effect upon the F~test for equal
means [18].

In the completely randomized design, we avoild
the appearance of bias due to unattended causal
factors, It is often possible to make more precise
comparisons of the treatments by grouping the experi-
mental units into blocks of m wunits such that units
within a block resemble each other more than units
in different blocks. This layout is called a
randomized block design, if within each block the
M treatments are assigned at random to the m ex-
perimental units. The analysis of varlance can be
performed by assuming that the block and treatment
effects are additive; the total sum of squares of
deviation from the mean value is then

2

m - 2 _
Z Z (xij—x‘.) - m X (x'j—x )

- = 32
=1 §m1 rgyx g=Gxy == )} (3.8)
or
W% 4t (3.9)

where QT' QB’ QTr’ and QE stands for sums of

squares for total, blocks, treatments and for
errors, respectively. What was called Q is
now divided into two parts: Qa - QB + QE‘

Analogous to (3.7), we can show that

Qp,/ (m-1)
Bl - @) " /G D@D, OO

is the statistic to test the hypothesis of equal
treatment effects.

In the design methods discussed above, we
were concerned with only one factor in the treatments.
If the treatments in an experiment consist of all
possible combinations of a set of underlying fac-
tors, it is called a factorial experiment. We may
use a factorlal arrangement with any of the desigus
discussed above. Consider for example, two-factox
completely randomized designs where the two fac-
tors are denoted by A and B. Thus, analogously
to those equations we derived above, we can show
that the total sum of squares is partitioned as

QT - QA + QB + QAB + QE (3.11)
where QAB corresponds to a measure of interaction

between factors A and B. These quantities are then
used in F-tests of various significance tests includ-
ing the test of examining whether factors A and B
interact. An application of factorial experiments

to the problem of computer performance is found in
Tsao et al. [19]. Anderson and Sargent [3] applied a
two~factor completely randomized experiment to thelr
study where they attempted to characterize the degra-
dation of response time in terms of two factors: the
number of active users and the traffic rate per user.
They showed through the analysis of variance that these
two factors were statistically significant but that
the total variation of the response time contained

a laxge amount of unexplained terms, Q.. This result
led them to consider the internal queug gize as an
additional system variable for inclusion in the em-
pirical model of an experimental APL/360 system,
Silverman and Yue [21] applied the analysis of
varifance technique to software measurement data of

a teleprocessing information retrieval system, and
drew a conclusion that the following four parameters
are most significant factors in characterizing the
response time of a given message task: (1) the
priority position in the CPU dispatching queue,

(2) the number of concurxent tasks, (3) the number

of other tasks trying to gain access to the same

file and (4) the number of I/O operations of the
given task. The first three factors are considered
major system congestion factors and influence the
walt times for CPU, channels, and file accesses,
respectively.

The analysis of variance discussed above, in
relation to different types of experimental design,
treats factors qualitatively in the sense that the
method refers to the presence or absence of the
effects of some factors under the condition in which
the observations are taken. In regression analysis
all factors are quantitative and treated quantita-
tively. The theory of regression is concerned with
prediction or estimation of onme or more variables
on the basis of information provided by other mea-
surements or concomitant variables. For details of
regression analysis (the theory of least squares, in
general), the readers are referred to [17, 20] or any
books on statistical estimation theory. An applica-
tion of regression analysis to perform evaluations
18 reported by Bard [22] inm his study of CP-67/

Session 5-1-4



134

First USA-JAPAN Computer Conference, 1972

CMS, in which he attempted to relate CPU supervisor
state time to a set of system variables in a linear
regression model. Anderson and Sargent [3] applied
linear regression models to quantify the inter-rela-
tionship between the response time and a set of key
system state variables.

As mentioned in the Introductory section, identi-
fication of key system variables 1s a most important
and difficult task in analysis of computer systems.
There is no unique statistical procedure for doing
this. Several procedures have been proposed to
select the "best regression equation", given a
response variable (i.e., performance measure), a
set of candidate predictor variables (i.e., system
factors) and a series of observations on all of them.
They are (1) all possible regressions, (2) backward
elimination, (3) forward selection, (4) stepwise re-
gression, and (5) stagewise regression. Draper and
Smith [20] discuss details and relative merits of
thegse different methods. Applications of these methods
to measurement data of computer systems are yet to be
seen,

IV. QUEUEING NETWORK MODELS OF COMPUTER SYSTEM

Most of the queueing theoretic models studied
in the past treat a computer system as a single en-
tity; namely, it is tacitly assumed that a central
processor unit (CPU) is the only "bottleneck" re-
source. These "single server' models of computer
systems are well documented in the forthcoming books
by Kleinrock {7], and Coffman and Denning [23]. A
class of analytic models which has been drawing atten-
tion during the past few years i1s the queueing network
type [24-29]. These models are able to incorporate

parallel processing capabilities of a typical multipro-

grammed system.

Let us assume that the arrivsl process of a
given system 1s Poisson with rate ) (Figure 1).
Once a program enters the system, the behavior
of the program is representable as alternations
of CPU and I/0 executions. Let the execution
intervals of processors be exponentially distri-
buted with parameters ui(ni), 0sisN. Here n,

is the number of programs residing in the ith pro~
cessor of its queue. Let xi be the arriving rate

to the :L':‘n processor, i.e.,

A , 1 =0,1,...,N (4.1)

N
LY + A
1 1,0 §_0 AL
vhere p,, is the probability of transition from the
ji

jt processor to the ith processor. Then we can
apply the result due to J.R. Jackson [30]: under
these Markovian assumptions, the equilibrium distri-
bution of the queue size of individual processors can
be solved by pretending as though they were separate

and independent queueing systems having Poisson arrivals

with rates ).i's given by (4.1). Thexefore, the pro-
bability that the ith processor finds n, programs is

By

p,(a,) = p, (0) g_lﬁy, n, = 0,1,2.... . (4.2)

So, letting n = [nonl cen nN] be the state vector

which indicates that there are n, programs at the ith

processor, we have

N

p@ =~ I p,(n). 4.3)
1=0 1\

For simplicity, we assume hereafter that u 1(n) =

By Then equations (4.2) and (4.3) are reduced
to
N ny
p@ = T {(-p) 0,7} (4.4)
i=0
where
A
i
p, = — . (4.5)
i Wy

From (4.4), we can derive easily the utilization
factor of each processor, the average queue size,
the average stay time in each of the queues, etc.
Furthermore, the response time and throughput are
also readily computable.,

In the above model the degree of multiprogram-
N
ming M= } o, s a random variable and is un-
i=1
bounded. If one is iInterested in the behavior of the
system at its maximum degree of multiprogramming, one
should modify the model as follows: let MO programs

reside in the system initially and set A=0., Connect
the departure path from the I/0 processors to the
Input processor and put u.(n ) = =, This means that
as soon as one of the M, programs leaves the system,
a new program enters the central processor immediate-
ly. Then we obtain the solution of (4.1):

)‘i - Alpli’ 1 =2,3,,..,N (4.6)
where >‘1 1s arbitrary. Let us define S by
. N
S = {n: E_l n, = Mo}. %.7)
Then the probability p*(g_) that n is the state of the
system is
0 s
P*Q) -
p(n|S) nes 4.8)
where p(n |8) 1s the probability of n conditioned
N
on Z n, = MO:
1=l
N n
T »p 1
P@ L, i
P@IS) = Ty TN oW
. 4.9)
Py
n'eSi=1
where
A A D
1 1711
py = Fi—, P = s L= 2,0N (4.10)
i
Putting Al = Uy, We obtain the equilibrium state

probability of the closed queue network as followa:
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N n
p*(a) =) 1 (“2Puy)

=2 By

N o for nes
I T (Pap™
' -
D'eS i=2 g C4.11)

Gordon and Newell [31] developed a solution techni-
que which, for closed systems, involves essentially
the same steps as Jackson's technique and which could
be used to derive (4.11).

Jackson's work is in a more general framework

than those cases discussed above. For example,

he considers the case where the arrival rate A

is an arbitrary function of M. Thus, we shall

be able to impose constraint on the maximum degree

of multiprogramming in a more realistic fashion than

we do in the closed queue model. Furthermore, his

results included the case where an immediate injec-

tion of a new jJob is triggered when M falls below

a specified lower bound M*, This enables us to treat

the situation where we keep background jobs to main-
© tain high utilization of resources. It will not be

difficult to see that the closed queue network can be

regarded as a special case where M* = My and AQM) =

0 forM2M.

0
Pozner and Bernholtz [32] have extended the work
of Gordon and Newell [31] to the treatment of systems
having several classes of jobs (programs) in a closed
finite queue network. Baskett [33] and Chandy [34]

have recently shown that in a closed network of queues

the queue-length distributions at equilibrium state
are solely dependent on the mean values of service
time distributions, if the processors (service sta-
tions) associated with non-exponential service time
distributions are 'processor shared". Processor
sharing [7] is an asymptotic form of round-robin
scheduling with its time quantum approaching zero,
and its properties in a single server system with
various queue disciplines are discussed by Kleinrock,
Muntz and Hsu [35].

Sekino [36] discusses a queueing model for a
multiprogrammed/multiprocessor time-sharing system
based on the machine repairman model [6], which is in
fact a special case of a closed queue network; thus
the result of Gordon and Newell [31] could be applied.
Sekino has derived a closed form expression for the
distribution of response time under the assumption
that the processing time and user's think time are
both exponentially distributed.

V. APPROXIMATION METHODS FOR PROBABILISTIC MODELS

The practical value of queueing theoretic analysis

has been severely limited by the lack of approximation
methods which would enable one to attach more realis-
tic models and by the lack of sensitivity analysis
which would give estimates of errors introduced by
simplification in the model.

A few attempts, however, have been made in recent
years to break away from the vogue in queueing theory.

Kingman [37] has shown in his treatment of 'heavy
traffic theory' that properties of nearly saturated
queues are rather insensitive to the detailled form
of the arrival or service distributions. The

heavy traffic approximation relies on the central
limit theorem and so does the approximation approach
based on the diffusion process. Although the idea
of approximating a discrete state process by a dif-
fusion process with continuous path is not new, appl
cations to congestion theory are apparently rather
recent [38, 39]. Gaver [39] applied this method to
the waiting time in an M/G/1 queue and Gaver and
Shedler [40] proposed a method to evaluate CPU utili.
zation of a multiprogrammed system represented by a
cyclic queue model, The diffusion approximation met)
can be useful because mathematical methods assoclate
with the continuum (e.g. differential equations, int
gration) very often lend themselves more easily to
analytical treatment. A recent book by Newell [41]
serves as an excellent introduction to this subject.

In this section we use the cyclic queue model
ag an illustrative example. If we set N=2 in the
closed queueing model discussed in Sect. IV, we obta:
a cyclic queue system (PFigure 2)., Let us denote the
service distribution functions of two processors of
the cyclic queue by A(s) and B(s), respectively. If
both A(s) and B(s) are general distributions, no
known techniques exist to solve this model. Thus, w
are motivated to overcome this mathematical difficul
by using some approximation technique. Let M(t) dens
the number of programs at the central processor or
its queue at time t. A typlcal realization of M(t)
is shown in Figure 3. Suppose that 0<M(t)<M, at a
given instant t, The mean and variance of the
incremental change of M(t) per unit time are approxi.
mately given by [Ll4, 40, 41]

a = 3 BlM(er)-u(0) ] L - L (5.1)
Yo Ma
and L N U% Ui
8= 3 Var [M(t+4) -M(t) ]= - + -3 (5.2)
b L

This suggests taking the following process X(t) as
an approximation to M(t)

dx(t) = a'dt + B (£) ot (5.3)

where x(t) is bounded by
0sx(t)<M,. (5.4)

The process z(t) of Equation (5.3) is a white Gaussi:
process with zero mean and unit variance. If the
boundary condition (5.4) were not imposed, then the
stochastic differentlal equation (5.3) defines a
Wiener-Levy process with drift: 1f the initial valuc
of x(t) is x., then the unrestricted process x(t) ha:
the following conditional probability density func-—
tion at time t:

1 (x-xo—at)2
p(xo,x;t) -;7TF§?— exp{ - e }. (5.5)

which satlsfies the following partial differential
equation:
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2

3 8 3
M - e H — — nt
_5% P(xp,x3t) = —a 5= plxg,x3t) + 3 o P (xg,%;t)
(5.6)

Equation (5.6) 1is known as the forward or Fokker-
Planck equation [14].

In what follows, we are interested in solving
Equation (5.6) with the boundary condition (5.4).
A natural way to handle this condition is to treat
x=0 and x=M. as reflecting barriers. The boundary
conditions for reflecting barriers at x=0 and
x-MO are [14]:

% —g; P(xg,x3t) ~ @ p(xg,x;t) = 0

at x=0 and x-Mo. (5.7)

The statistical equilibrium distribution i1s readily
obtainable as
2yx

2ve
pGx) = Lim p(xy,x;t) = —’{Y—Mo— , OsxsM) (5.8)
e -1
where
32 32
vy =2 Hghy T HpHa (5.9)
8
32, 32
¥a% ¥y

In order to compare this solution with some known
result, consider the exponential distribution case,
l.e., A Hgo Ub -y The distribution of the

queue size is easily obtainable as

m
1-
p. = ,m=0,1,2,...,M .10
m 1_pM0+l 0 (5.10)
where
u
.} (5.11)
L

whereas the solution via the diffusion approxima-
tion is given by (5.8) where

-l
Y 14 °
Note that the exact solution (5.10) 1s a truncated
geometric distribution, and its:approximation is a
truncated exponential function. In order to illumi-
nate the analogy further, let us set p=l. Then we
obtain

(5.12)

Py = E.Tii—' ymom0,1,2,0.0.,M, (5.13)
px) = ﬁ:- , Osxsy (5.14)

which are both uniform distributions.

Thus far we were concerned with the steady state

distribution. Equally important to practical applica-

tions is the rate of approach to the equilibrium,

The diffusion approximation is often advantageous in
this respect since the transient behavior can in many
cases be obtainable in relatively simple closed form.
The solution for the diffusion equation (5.6) with
the conditions (5.7) and x(0) = Xy is obtained in
[42]):

y(x-x, - )
p(xo,x;t) = p(x) +e 0 2

2
oA

® n t

sl e, (xgde T 2 (5.15)

n=]l
where p(x) 1s given by (5.8) and

ar

An - X s (5.16)
0
and 2
2 ]
¢n(x) - - Ag 2) {cos Ax + " sin Anx} .17
0( n""Y

for n = 1,2,3,... A more detailed study of the
transient behavior and a more comprehensive treatment
of the diffusion approximation as applied to a general
queueing network model are discussed in [42].

VI. CONCLUDING REMARKS

In this concluding section we shall refer to
some subjects which are left unmentioned.

An automatic or adaptive algorithm for re-
source allocation is among the least explored
subject. Doherty [43] applies the concept of
working set size to a TSS/360 scheduler in which
the length of a time slice is set approximately
inversely proportional to its current working set
size. This policy allows programs with good lo-
cality to progress rapidly. Several authors have
pointed out that performance of programs in virtual
memory systems can be significantly improved by re-
arranging program sectors that make up the program
layout in virtual memory. Hatfield and Gerald [44]
report semi-automated procedures to improve program
structure,

The 'conservation-law" which Kleinrock [7,35]
and Wolff [45] discuss for a single-server system
should be extendable to a general network of queue.
Therefore the queue size distribution (hence the
throughput also) obtained in Section V is independent
of the queue disciplines of a metwork, as far as they
are work-conserving priorities. However, the wait
time distribution for non-FCFS disciplines is not
eagy to obtain. Kobayashi and Silverman [46] showed
that the CPU dispatching rule adopted in IBM 360/0S
MVI is equivalent, under a special environment, to
a preemptive-resume scheme based on seniority, and
analyzed its effect on the response time distribu-
tion. An earlier work by Gaver [47] on priority

queues seems extendable to a general network of
queues.,

Despite the widespread practice of simulation
models for performance evaluation, the present paper
did not address itself to this subject due to the
limitation of space. Statistical techniques discussed
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in Sect. III are equally applicable to simulation plans
and analyses. What characterizes most of the simula-
tion studies conducted in the past are enormous

amounts of costs assocliated with the development and
operations, their extreme specificity and poor
capability to yield general imsights. This remark,
however, 1s not intended to underrate the value of
simulation studies. An ingenuity often brings about

a significant amount of savings in simulation costs.

" For example, the stack processing techniques discussed
earlier [8] provided a means of avoiding the tremen-
dous amount of direct simulation which would other-
wise be necessary to obtain "hit ratios" for a
range of page-sizes and memory capacities. As for
Monte Carlo simulations, the cost to run a simulator
can be reduced substantially by proper use of
variance reduction techniques [48, 49].
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