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Abstract— The performance of a binary phase shift keyed
random time-hopping impulse radio system with pulse-based
polarity randomization is analyzed. The effects of multiple access
interference are investigated for both chip-synchronous and
asynchronous systems. It is shown that the performance of a
chip-synchronous system is the same as that for the symbol-
synchronous case studied in [7]. The asynchronous system is
modelled as a chip-synchronous system with uniformly dis-
tributed timing jitter on the transmitted pulses of interfering
users. This extends the analytical technique developed for the
chip-synchronous case to the asynchronous case. An approximate
closed-form expression for the probability of error, expressed in
terms of the autocorrelation function of the transmitted pulse,
is derived for the asynchronous case. The analysis shows that
the chip-synchronous assumption can result in over-estimating
the error probability, and hence that the system design based on
this approximation will be on the safe side. The degree of over-
estimation mainly depends on the autocorrelation function of
the UWB pulse and signal-to-interference-plus-noise-ratio (SIR)
of the system. Simulations studies support this approximate
analysis.

Keywords— Ultra-wideband (UWB), impulse radio (IR), mul-
tiple access interference (MAI), asynchronous systems.

I. INTRODUCTION

Since the US Federal Communications Commission (FCC)
approved the limited use of ultra-wideband (UWB) technology
[2], communications systems that employ UWB signals have
drawn considerable attention. A UWB signal is defined as
one that possesses a bandwidth larger than 500MHz and can
coexist with with incumbent systems in the same frequency
range due to its large spreading factor and low power spectral
density. UWB technology holds great promise for a variety of
applications such as short-range high-speed data transmission
and precise location estimation.

Commonly, impulse radio (IR) systems, which transmit very
short pulses with a low duty cycle, are employed to implement
UWB systems ([3]-[5]). In an IR system, a train of pulses
is sent and information is usually conveyed by the positions
or the polarities of the pulses, which correspond respectively

I'This research is supported in part by the National Science Foundation
under grant CCR-99-79361, and in part by the New Jersey Center for Wireless
Telecommunications.

2Also at the Department of Electroscience, Lund University, Lund, Sweden.

WCNC 2004 / IEEE Communications Society

908

Andreas F. Molisch?
Mitsubishi Electric Research Laboratories
201 Broadway, Cambridge, MA 02139
Andreas.Molisch@ieee.org

to Pulse Position Modulation (PPM) and Binary Phase Shift
Keying (BPSK)?, respectively. In order to prevent catastrophic
collisions among different users and thus provide robustness
against multiple access interference, each information symbol
is represented by a sequence of pulses; the positions of the
pulses within that sequence are determined by a pseudo-
random time-hopping (TH) sequence specific to each user
[3]. The number Ny of pulses representing one information
symbol can also be interpreted as a pulse combining gain. An
additional “pulse spreading gain” N, is equal to the ratio of
the average time between pulses, and the pulse width.

In “classical” impulse radio, the polarities of those Nj
pulses representing an information symbol are always the
same, no matter whether PPM or BPSK is employed ([3], [6]).
Recently, pulse-based polarity randomization was proposed,
where each pulse has a random polarity code (1) in addition
to the modulation scheme ([7], [8]). The use of polarity codes
can provide additional robustness against multiple access in-
terference and help to optimize the spectral shape according to
FCC specifications by eliminating the spectral lines inherent
in IR systems not using polarity randomization [10].

In this paper, we study the performance of a TH-IR system
with pulse-based polarity randomization and provide (approx-
imate) closed-form expressions. We consider the practically
important case in which different users are completely unsyn-
chronized. We start out by considering the chip-synchronous
case, in which the symbols of different users are misaligned
but this misalignment is an integer multiple of the chip inter-
val, and we compare the results with the symbol-synchronous
case treated in [7]. Subsequently, we treat the more general
asynchronous case; we show that the system can be repre-
sented as a chip-synchronous system with uniform timing jitter
between zero and the chip interval for each interfering user.
Note that this case differs from the situation treated in [1], in
which each pulse suffers from an independent jitter.

The remainder of the paper is organized as follows. Section
IT describes the transmitted signal model and components of
the received signal at the output of a matched filter (MF)

3Since IR is a carrierless system, the only admissible phases are 0 and
7. Therefore, BPSK becomes identical to Binary Amplitude-Shift Keying
(BASK) in this case.

0-7803-8344-3/04/$20.00 © 2004 IEEE



Ly

s ]
=°W§

%Tfﬁ

LA

Fig. 1. A TH-IR signal with pulse-based polarity randomization where
Ny = 6, No = 4 and the TH sequence is {2,1,2,3,1,0}. Assuming
that 41 is currently being transmitted, the polarity codes for the pulses are
{+1,+1,-1,+1, -1, +1}.

receiver. The performance of chip-synchronous systems is
analyzed in Section III. Section IV extends the results to
asynchronous systems. After simulation studies in Section V,
some concluding remarks are made in Section VI.

II. SIGNAL MODEL

We consider a BPSK random time-hopping impulse-radio
(TH-IR) system where the transmitted signal from user £ in
an NV, -user setting is represented by the following model:

oo
st (1) Z

j——OO

k) 5.(k)
d()b(Lj/Nme(t JTy— c

1e), (1)
where wy,(t) is the transmitted UWB pulse, Ej is the bit
energy of user k, Ty is the average pulse repetition time
(also called the “frame” time), N is the number of pulses
representing one information symbol, and b(L’;) Ny| € {+1,-1}
is the information symbol transmitted by user k. In order to
allow the channel to be exploited by many users and avoid
catastrophic collisions, a time-hopping (TH) sequence {cg-k)}

is assigned to each user, where P e {0,1,..,N, — 1}

with equal probability, and cg ) and c( ) are independent for

(k,j) # 217 i). This TH sequence prov1des an additional time
shift of cjk)TC seconds to the jth pulse of the kth user where
T, is the chip interval and is chosen to satisfy T, < Ty/N,. in
order to prevent the pulses from overlapping. Without loss of
generality, Ty = N.T, is assumed throughout the paper.
Random polarity codes d;-k) are binary random variables

taking values +1 with equal probability and dg»k) and dgl) are
independent for (k,j) # (I,i) [7]. The receiver for user k is
assumed to have the knowledge of polarity codes for that user.

An example signal is shown in Figure 1, where six pulses
are transmitted for each information symbol (V; = 6) with
the TH sequence {2,1,2,3,1,0}.

Using the signal model in (1), the received signal over an
AWGN channel in an N, -user system can be expressed as

il (k) (k)
kzl Z d( b(LJ/NfJ
= ]——DO

X Wt — jTr — T — ) + oun(t), ()

where 7y, is the delay of user k, w,(t) is the received UWB
pulse with unit energy and n(t) is a zero mean white Gaussian
noise process with unit spectral density. Although this channel
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model is not very realistic for UWB systems, it is an important
first step towards understanding of more realistic channels,

| and also approximates the line-of-sight scenarios that are

especially important for UWB systems. Furthermore, the main
ideas of our analysis can be extended to multipath scenarios,
though this is not elaborated here due to space limitations (see
[9] for extensions to multipath channels).

We consider a matched filter (MF) receiver, where the
template signal at the receiver can be expressed as follows:

(i+1)Ny—1

Z dg»l)wm (t - ij — C§~1
J=iNy

Stemp(t) = T.—7), 3
where, without loss of generality, user 1 is assumed to be the

user of interest.
From (2) and (3), the MF output for user 1 can be expressed

as follows:
g = VEN; b +a+n, 4)

where the first term is the signal part of the output, a is the
multiple access interference (MAI) due to other users and n
is the output noise, which can be shown to be distributed as
n ~ N(0, N¢o2).

The MAI term can be expressed as the sum of inter-
ference terms from all (N, — 1) interfering users, that is,
a = ZkN:“Q a'®), where each interference term is in turn the
summation of interference to one pulse of the template signal:

z (i+1)Ny—1
& _ | Er Z (k)
0 ol®), (5)
Ny I=iN;
where
o0
al(k) = dl(l) /w'r'x(t—le - Cl(l)TC _Tl) Z dgk)
j=—o00
L . k
X b(U)/N jwraﬁ(t - ]Tf - C( )Tc - Tk) dt. ©

As can be seen from (6), q, () denotes the interference from
user k to the /th pulse of the template signal.

ITI. CHIP-SYNCHRONOUS CASE

Assuming, without loss of generality, that 71 = 0, 73 is
an integer multiple of 7., for £ = 2,...,V,, in the chip-
synchronous case. More specifically, for user k, 75, = Agk)Tc,
where A = 0,1,..., N — 1 with equal probability, where
N = N Ny is the total number of chips per symbol. Let A( )
be the offset between frames of user 1 and k. Then, A(k)
mod {A(k),NC} and obviously, A( ) = 0,1,..., N, — 1 with
equal probability (Figure 2). Also define igk) as the number
of frames of the template signal that overlap only with the
(i — 1)th symbol (bz(.li)l) of the signal from user k. That is,

k
M = a5 )
1 Nc )

with |x] denoting the largest integer smaller than or equal to
.
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Fig. 2. The frame positions of the template signal (on the top) and the
received signal from user £ (on the bottom). Pulses are not shown.

Let pl( ) denote the position of the /th pulse of the template

signal in the /th frame (p( ) = 1,...,N.) for I =iNy,..., (i +
1)Ny — 1. Similarly, write p, *) for the position of the /th pu(ls)e

of the received signal from user k. Then, depending on p, ’,

al(k) can be expressed as follows:
(k) _ b dl )1I{p(1)+N —a® =p® }for P =1, A0
a
! de(l d( I{pgl):p;k)—ﬁ—AYc)} for pl Agm +1,..., N,
(€))
for | = iNy, ..., (i+1)N; — 1, where | = l—z1 and I, is an
indicator function taking value 1 in set A and 0 outside. Also
. bF) . 1=iNy, ... iNs+ z‘ﬁ’“)
br=19,® 0 , ®)
b, ”, 1=iNs+1 s (T+1)Ny—1
and
b b,(-ﬁ)l, l=1iNy,..., sz—l—z(k)—l (10)
2T =N+ )Ny — 1

In obtaining (8), the following observation is employed:
When the [th pulse of the tem g)late signal is in one of the
first A(k) chips (pl(l) = ) there can be interference
from the (I — igk) - 1)th, that is, (I — 1)th, pulse of user k
if the pulses are in the same chip position, as indicated by
the indicator function in the first line of (8). Also note that
this interference to the [th pulse of the template signal is from
the symbol bg’i)l when | = iNy¢,...,iNs + igk) and from the
symbol bl(-k) when Ny —H'gk) +1,...,(i+1)Ny —1, as can be
seen from Figure 2. Similar observations can be made when

=AM 41, N,

From the previous expressions, Lemma 3.1 follows when
the number of pulses per information symbol is large:

Lemma 3.1: As Ny — oo, the MAI from user k, a®), is
asymptotically normally distributed as

k>~/\/(0 ﬁ’“) (an

Proof: Considering al( ) given by (8), it is observed that

ffv)j '7a§21) n,—1 are identically distributed but are no;

independent. However, they form a 1-dependent sequence

“A sequence {Xp}nez is called a 1-dependent sequence, if any finite
dimensional marginals (Xp{, ..., Xn;) and (Xpmq, ..., ij ) are independent
whenever m; — n; > 1.
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(k) (k)

since a;,’ and a;,” are independent when |/; —l2| > 1. Noting

from (8) that E{al(k)} = 0 due to random polarity codes, the
(’L+1 Nf 1 (k)

sum Zz —iN, a;’ converges to

N (0, Ei[B{(al}),)?} + 2B{ay al}) 1 1}]) -

for large Ny [11].

From (8), it can be shown that E{(al(k))z} = 1/N, for all
values of Agk) using the fact that probability that a pulse is
in a given chip is 1/N,. Furthermore, it can be observed that
the correlation terms are zero due to random polarity codes.
Therefore, a(*) given by (5) is asymptotically distributed as
N (0, Ex/N,.).O

Note that this Gaussian approximation is different from the
common normality assumption in the case of many users.
Lemma 3.1 states that when the number of pulses per in-
formation symbol is large, MAI from an interfering user is
approximately distributed as a Gaussian random variable. This
is mainly due to the random polarity codes assigned to pulses
of the user.

Also note that the asymptotic distribution of MAI for the
chip-synchronous case is the same as that for the symbol
synchronous case in [7]. In other words, for TH-IR systems
with pulse-based polarity randomization, chip synchronism
and symbol synchronism are equivalent in terms of the effects
of MAIL The reason behind this is that probability that a
pulse of the template signal and any pulse from an interfering
user overlaps does not change whether the users are symbol-
synchronized or chip-synchronized. The only difference in the
chip-synchronous case is that this overlap to the [th pulse of
the template can be caused by (i —1)th pulse of the interfering
user with probability Agk) /N2 or by [th pulse of that user with
probability (N, — A%y /N2,

From Lemma 3.1 and (4), bit error probability (BEP) can
be expressed as follows for large Ny:

£y
I —
N ko Bk + 03

where N = N.N;, which can be defined as the total
processing gain of the system. From this expression, it is
observed that, systems with large total processing gain has
lower probability of error since the probability of overlaps
between the pulses of interfering users and those of the
template signal decreases as IV gets larger. Also it can be noted
from (13) that probability of error depends on N, and Ny only
through their multiplication. Hence, the system performance
does not change by changing the number of symbols per
information symbol N; and the number of chips per frame
N, as long as NNy is constant.

(12)

13)

IV. ASYNCHRONOUS CASE

Now consider a complete asynchronous scenario where
chip-synchronism is not assumed. Again assume 7 = 0
without loss of generality. In this case, it is assumed that

0-7803-8344-3/04/$20.00 © 2004 IEEE



TE ~U [0, N
distribution.

In order to calculate the statistics of the MAI term in (4),
the following simple result will be used.

Proposition 4.1: The MAI in the asynchronous case has the
same distribution as the MAI in the chip-synchronous case
with interfering user k£ having a jitter €, for k = 2,..., N,,
which is the same for all pulses of that user and is drawn from
a uniform distribution given by [0, T;).

Proof: Consider (6). With 7, = 0 without loss of generality,
. € {0,Tc,...,(N — 1)T.} with probability 1/N each in
the chip-synchronous case. In the asynchronous case, 7, ~
U[0, NT,), which has the same distribution as the sum of 73 in
the chip-synchronous case and a jitter € with e, ~ U[0,T,).O

Proposition 4.1 reduces the problem to the calculation of
the distribution of

Z i

dl(l)/wm(t—le — !
j=—00

X wm.(t — 37Ty — Cﬁ»k)Tc — T — Gk) dt,

where 7, € {0, Ty, ..., (N — 1)T.} with equal probability and
er ~ U[0,T,). This problem is a special case of the analysis
of TH-IR systems in the presence of timing jitter, which is
studied in [1], with only difference being the fact that timing
jitter is the same for all pulses of a user in this case instead of
being independent identically distributed (i.i.d.) at each pulse.

The following lemma approximates the distribution of MAI
from an asynchronous user, conditioned on the timing jitter of
that user when the number of pulses per symbol, Ny, is large.

Lemma 4.1: As Ny — oo, the MAI from user k, a(®,
conditioned on the timing jitter € is asymptotically normally
distributed as

(L(k)|6k ~ N <0

T.) for k = 2, ..., N,,, where U denotes a uniform

a. - = LJ/NfJ

(14)

, %[R%k) + R¥(T,. — ek)]> . (15

where R(z) = [7_ wyq (t)wya (t—
function of the UWB pulse.
Proof: See Appendix A.
From Lemma 4.1, it is straightforward to show that the BEP
of the system conditioned on the timing jitters of interfering
users is given by

x)dt is the autocorrelation

VE
\/N zk “5[R?(ex) + R*(T, — €;)|Ex + 02

where N = N.N; and € = [e2 ... €N, ].
Since €, ~ U[0,T,) for k = 2, ..., N,,, expectation of (16)
with respect to € can be taken in order to obtain the BEP:

P. ~ TN—l/ /P|€d62

However, when the number of users is large, calculation of
(17) becomes cumbersome since it requires an integration over
(N, — 1) variables. In this case, the following lemma can be
employed to approximate the expression for BEP in the case

P.le~Q

)

(16)

a7
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of equal energy interferers.

Lemma 4.2: Assume that all interfering users have the same
bit energy E. Then, as N, — oo, a/y/N, — 1, where a is
the MAI term in (4), is asymptotically normally distributed as

a oF [T 9
— . 1
N1 ~N|o0, NI R (e)de) (18)
Proof: See ApL}endix B.
Let v = # [ R*(e)de = f R?(e)de. Then, from

(18), a ~ N(0, y(N, —1 EfN .‘Note from (11) that
for equal energy users, MAI in the chip-synchronous case
is distributed as a ~ N (0, (N, — 1)E/N,.). Hence it is
observed that the difference between the powers of MAI
terms depends on the autocorrelation function of the UWB
pulse. For example, for the autocorrelation function in (21),
v =~ 0.2 and chip-synchronization assumption could result in
over-estimating the error probability depending on the signal-
to-interference-pulse-noise (SIR) ratio of the system.

From Lemma 4.2 and (4), the approximate expression for
BEP is obtained as follows:

\/E_l
VL 1) 22 [ R2(e)de + 02

for large values of N,.

P.~@Q

(19

V. SIMULATION RESULTS

In this section, BEP performance of a TH-IR system with
pulse-based polarity randomization is evaluated by conducting
simulations for different SIR values and for different number
of interfering users. The following unit energy UWB pulses
and autocorrelation functions are employed as the received
UWB pulse, w,,(t), in the simulations (Figure 3):

47Tt2 2 2
we(t) = (1 - 72) et/ /B, (20)
At 472 At Ary2
Ri(At) = [1 - 47r(7)2 + %(7)4} (307 21y
1

wy(t) = T —0.5T, <t < 0.5T, , (22)
Ry(Af) = ~At)T.+1, 0<At<T, 3

AT AT+, —To<At<0

where E, normalizes the energy of w1 (t) to unity, 7 = T,./2.5
is used in the simulations, and the rectangular pulse w2 (t) is
chosen as an approximate pulse shape in order to compare the
performance of the system with different pulse shapes.

Figure 4 shows the BEP performance of a 10-user system
(N, = 10) where Ny = 15 and N, = 5. The bit energy of the
user of interest, user 1, is F; = 0.5, whereas the interfering
users transmit bits with unit energy (Ey = F = 1 for k =
2,...,10), and the attenuation due to the channel is set equal
to unity. The SIR is defined by the following equation

(24)

SIR = 101 )
= 0810 3 .
Y By + o2
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Fig. 3. UWB pulses and autocorrelation functions for 7. = 0.5ns.

In Figure 4, the SIR is varied by changing the noise power o2

and BEP is obtained for different SIR values in the cases of
symbol-synchronous, chip-synchronous and asynchronous sys-
tems. For the asynchronous case, performance is simulated for
different pulse shapes w1 (t) and wo(t), given by (20) and (22),
respectively. It is observed from the figure that the simulation
results match closely with the theoretical results. Also note that
for small SIR values, all the systems perform quite similarly
since the main source of error is the thermal noise in that case.
As the SIR increases, i.e., as MAI becomes more effective,
the systems start to perform differently. The asynchronous
systems perform better than the chip-synchronous and symbol-
synchronous cases since 7 fOTC R?(e)de in (19) is about 0.2
for wy(t) and 2/3 for wy(t), which also explains the reason
for the lowest BEP of the asynchronous system with UWB
pulse wq(t). Also it is observed that chip-synchronous and
symbol-synchronous systems perform the same as expected.

Figure 5 plots the BEP for different number of users for an
asynchronous system employing the UWB pulse w; (t). Again
Ny =15 and N, = 5 are used. In order to see the effects of
MALI, the noise is set to zero, that is, 02 = 0. User 1 is again
the user of interest with bit energy F; = 0.5 and interfering
users are assumed to have the same bit energy of £ = 15. It is
observed from Figure 5 that as the number of user increases,
the approximate BEP expression in (19) gets very close to the
true probability of error. Also note that very accurate results
are obtained if (17) is used. These results are shown for N,, =
2, 3, 4 only, since it becomes cumbersome to calculate them for
a large number of users due to the requirement of integration
over multiple variables.

VI. CONCLUSION

In this paper, the performance of TH-IR systems with
pulse-based polarity randomization has been analyzed. First, a
chip-synchronous system was considered and the approximate
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Fig. 4. BEP vs SIR for different cases, where N, = 5, Nf =15, N, = 10,
FE1=05and £ = 1.

T
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Fig. 5. BEP vs total number of users for an asynchronous system with
Wraz(t) = w1 (t), No =5, Ny =15, By = 0.5 and E = 15 and 02 = 0.

distribution of the MAI was derived, which was used to
obtain a closed form BEP expression. It was observed that
the chip-synchronous case has the same performance as the
symbol synchronous case due to the presence of random
polarity codes. Then, asynchronous systems were modelled as
a chip synchronous system with uniform timing jitter for each
interfering user, which lead to the extension of the results for
the chip-synchronous case to the asynchronous systems. Also
a closed-form expression was derived for the case of a large
number of equal-energy users. Simulation results matched
closely with the analytical expressions.

0-7803-8344-3/04/$20.00 © 2004 IEEE
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APPENDIX

A. Proof of Lemma 4.1

In order to calculate the distribution of MAI a = 22\22 a®),
we first consider the MAI from one user, which is expressed
as a®) = \/ﬁ:’; El(:;]l\?:vf " o™ The interference from user
k to the Ith pulse of the template signal, al(k), is given by (14),
which can be expressed as follows, depending on the positions
of the pulses:

Considering Figure 2, when the /th pulse of the template

signal is in one of the first Agk) chips, that is, for pl(l) =

k
1, ...,Ag ).
aft) = l;ldl(l)dzgi [R(E’“)I{p§l)+Nc—A§’“’:pl@}
FRIe—e)lm v _apope b @9
for | = iNy, ..., (i + 1)Ny — 1, where [ = [ — i) and by is

as in (9). This equation is obtained by using the fact that in
order for user k to interfere with the /th pulse of the template
signal, a pulse from user k£ and the Ith pulse of the template
must be in the same chip positions, or user k’s pulse must be
in the previous chip and interfere with the [th pulse due to the
timing jitter.

For pl( ) = A(k + 1, the interference to the /th pulse of the
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template signal can be expressed as follows:

o) = Bzdz(l)dgk)R(ek)I{pW:l}
1
(1) (k
+ bld d ( — Ek;) {p;]i)lch}7 (26)
for [ = iNy,...,(i +1)Ny — 1, where by is as in (10).
Finally, for p(l) A(k) +2,..., N.:
(k) _ 7 4(1) 5(k)
@ = bady ' d; [R(Gk)I{p;1>:pl£k)+Agk)}
+R(T. Gk)I{p§1>:p§k>+Agk>+l}]’ 27
for [ = Ny, ..., (i + 1)Nf — 1.
Similar to the proof of Lemma 3.1, al(.]k\;f,...,agfll)]\,fil
form a 1-dependent sequence. It can be shown that

By e} = 0, B{(0")lex} = 7[R (@) + B (Te — 1)
and E{a(k)al+1|ek} = 0. Hence a(k) conditioned on ¢y is
distributed as follows for large Ny:

a®)ep ~ N (o, %[RQ(ek) + R*(T, — ek)]> .

B. Proof of Lemma 4.2

When the interfering users have equal bit energy E, the MAI
a=Y " ak) is the sum of (N, — 1) i.i.d. random variables
with a(%) = ~ Zl(z_t]lv]fvf o™ for k=2,...,N,.

From the proof in Appendix A, we have E{agk)\ek}
0 Efla")la} = mlRe) + R — o)) and
E{a(k) |e } = 0. Hence we obtain E{a®)} = 0 and
Var{a(’C } = LE{R*(e) + R*(T. — €;)}. As N, — o0,
a/y/Ny — 1 COICIVGI’geS to the following distribution by the
Central Limit Theorem (CLT):

(28)

a E
s~ (0, R} + BT - ).
(29)
since €a,...,€y, are ii.d. Also note that the subscript k is

dropped from the jitter index in (29).
Using the fact that € ~ U[0,T,), E{R%(e)} +E{R*(T.—¢€)}
can be expressed as

L e s 2 —otde— 2 [ B2ede. 30
EA[ (e + meMe—EA ()de.  (30)

Then, from (29) and (30), (18) follows.
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