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Abstract — Non-line-of-sight (NLOS) geolocation
becomes an important issue with the fast development
of mobile communications in recent years. Several
methods have been proposed to mitigate NLOS effects
in geolocation. However, there has been no system-
atic study reported on how the existing methods are
related to one another and what is the best geoloca-
tion accuracy that we may possibly achieve. As first
step to answer these questions, here we present a uni-
fied treatment to obtain Cramer-Rao Lower Bound
(CRLB) for time-of-arrival (TOA), maximum like-
lihood estimation (MLE) and signal strength (SS)
based positioning methods (to be defined below). Its
physical interpretation is discussed and is very helpful
to establish connection among the three methods. It
can be shown that the CRLB of MLE is equivalent to
that of first estimating time delay with a matched fil-
ter and then perform TOA positioning. One interest-
ing observation is that the CRLB depends only on the
signals obtained by line-of-sight (LOS) base stations
and NLOS signals are completely discarded. Further-
more, we notice that a similar conclusion can be draw
without the explicit expressions of NLOS geolocation.
Thus we extend the current problem to a broader for-
mulation of the CRLB of parameter estimation with
unwanted parameters.

I. INTRODUCTION

Geolocation in an non-line-of-sight (NLOS) environment is
an important issue in mobile communications, and is receiv-
ing a considerable attention in recent years. Several empirical
methods [1]-[5] have been proposed to mitigate NLOS effects
in geolocation. However, two fundamental questions are still
not clear: what is the best achievable geolocation accuracy in
NLOS environment and how the different methods are con-
nected.

In this paper, we manage to answer these questions under
two assumptions: one is that no prior information on NLOS
induced paths or the mobile station (MS) position is available;
the other is that only a single (line-of-sight (LOS) or NLOS)
path between a given mobile station (MS) and base station
(BS) pair are allowed. We extend the analysis to the sce-
nario when the prior knowledge is considered in [6]. We hope
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that thorough understanding of the single path case will shed
light on our investigation into intricate multipath situations.
Here we develop a new unified analysis of the Cramer-Rao
Lower Bound (CRLB) for NLOS geolocation, which gener-
alizes time-of-arrival (TOA), maximum likelihood estimation
(MLE) and signal strength (SS) based methods. Its physical
interpretation suggests that the CRLB is determined solely by
line-of-sight (LOS) signals, and the NLOS parts ought to be
totally ignored. Within this framework, an obvious relation
between the optimum MLE approach and the conventional
TOA methods arises: the CRLB of the MLE is equivalent, at
high signal-to-noise ratio (SNR), to that of a geolocation al-
gorithm, which can be implemented in two consecutive steps:
first, to estimate the TOA’s at matched filter outputs in rele-
vant BS’s; second, to determine the MS location based on the
conventional least square error method using the TOA data
from at least three BS’s. An immediate significance of this re-
sult is that the (presumably) complicated MLE solution is now
decomposed into the two simple and practical components. In
the end, we consider a general format of the CRLB of param-
eter estimation with unwanted parameters, within which the
NLOS geolocation problem acts as a special case.

The rest of the paper is structured as follows. In Section II,
we investigate a unified approach for evaluating the CRLB for
NLOS geolocation with TOA, MLE and SS based methods.
By an explicit formula, its physical meanings are interpreted.
We then explore the relation of the MLE and TOA based
positioning in Section III. Section IV characterizes a general-
ization of the CRLB of NLOS geolocation. We state a brief
conclusion in Section V.

II. CRLB ForR NLOS GEOLOCATION

The Cramer-Rao inequality gives a lower bound for error
variances of any unbiased estimates of some unknown param-
eters [7]. Denote § as an estimate of the vector of parameters
6. Its covariance matrix is Con(é) = Eg{(é —6)(0 — Q)*},
where Fg{-} stands for an expected value conditioned on 6 and
symbol “*” for complex conjugate and transpose. Let fo(r)
be the probability density function (p.d.f.) of observations r
conditioned on §. Its Fisher information matriz is given by

3 = Eo_{%logfo;(ﬁ)-(%logfg(z)) } (1)

The CRLB is then expressed as
Covy (8) > 35" (2)

Let B = {1,2,---, B} be the set of indices of base sta-
tions, which are located at {& = (zp,yp), D E B}. Let M =



{k1,k2,---,km} be the set of the BS’s that receive NLOS sig-
nals from a MS of concern. Thus the complement £ = B\ M is
the set of LOS BS’s with its cardinality |£| = B — M. We can
assume M = {1,2,---, M} without loss of generality. Denote
Ty as the time delay of the signal between base station b (BSp)
and the MS. Two sets of parameters to be estimated are the
MS position p = (z,y) and NLOS propagation induced path
lengths [ = (i1,l2,,ln). We divide various NLOS geoloca-
tion methods into the following three classes:

Class 1. TOA based methods [1]

The time delay estimates (i.e., TOA’s), which consist of
the LOS delay and possible extra path delay [, are obtained
beforehand. Specifically, the time delay estimates are

py =1 +mp, forb€B, (3)

with

n=c(V@—oP+m-u’+L), @

where the measurement error 7, is approximated as a Gaus-
sian random variable with A (0,07), ¢ = 3 x 10® m/s is the
speed of light and I, = 0 for b € £. This model becomes ac-
curate when the TOA’s are acquired with the matched filter
approach at high SNR. The MS position is then derived from
the set of {ps, b € B}.

Class 2. MLE methods
In contrast to Class 1, this class starts directly from noisy
observations at BS receivers, i.e.,

rp(t) = Aps(t — 1) + np(t), for b € B, (5)

where s(t) and A, is a known signal waveform and the signal
amplitude respectively, and ny(t)’s are complex-valued white
Gaussian noise processes with spectral density No/2. We try
to obtain an MLE of p = (z,y) by processing {ry(t), b € B}.

Class 3. SS based methods [1]

In some circumstances, signal strength is the major quan-
tity that contains the information regarding a propagation
path, or equivalently 7, while 7, in the received signal wave-
form is not distinguishable. The received signal is then repre-

sented as 4
rp(t) = —s(t) +np(t), for b€ B, (6)

Ty

where the constant € > 1 is the propagation loss parameter

that may be empirically determined. n(t) is same as de-

fined in Eq. (5). We wish to estimate the MS position from

{rs(t), b€ B).

We define an (M + 2)-dimensional vector 8 = (p, ). It is

clear that the parameter of our interest is only p = (x,y). The
p-d.f’s of the observations r conditioned on § are

B
fa [g] x bl:[ exp {—;Tg(rb — ‘Tb)z} , for TOA, (7)

fo [r(t)] Hexp {_Nio / o (t) — Aps(t — )| dt} ,

b=1
for MLE (8)
fo [r(t)] o gexp {—NLO/ ry(t) — %S(t) dt} ;
for SS. (9)
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Thus, by casting the NLOS geolocation as a multi-parameter
estimation problem, we can evaluate the CRLB for the pa-
rameter vector §. Note that the conditional p.d.f.’s in Egs.
(7)—(9) are functions of 73’s, which in turn are functions of
the parameters in 6 as stated in Eq. (4). Thus with chain
rule, Jg in Eq. (1) becomes

X
Jg=H-J, -H", (10)
where
911 Oty T
2 2 )
o Srar s
I3} ;) ;)
on ... oy ... s
H= alh alq alq , (11)
911 AT It
Bl Blns Blnr

an (M + 2) x B matrix, and J. is the Fisher information
matriz of B observables:

9 0 :
J=E; [@10&@' (O_IIngQ) ] : (12)
Substituting Eq. (4) into Eq. (11), we have
_( H, H,
H= ( %IM 0 ) ’ (13)

where I is an identity matrix of order M, H; and H; are
2 X M and 2 x (B — M) matrices, respectively, given by

H, — 1 [ cosér cos pnr
1= sin ¢ singy )’
1 COS Prr4+1 cos @B
Hy,=-- . . s
c sin das+1 sin @B
and angle ¢y is determined by
-1 r— Ty
tan” " ¢p = ——.
Y=

Note that the quantity in Eq. (13) with subscript “1” is
related to NLOS BS’s, while subscript “2” is to LOS counter-
parts. Similar notation is applied to the following equations.

With Egs. (7)-(9), Eq. (12) yields

(= o0
w= (% 5 )

where 3; and 3, are diagonal matrices of order M and (B —
M), respectively, given by

(14)

A1 0
3 = . , and
0 Aum
AM41 0
3 = .
0 AB

Their entries differ according to the types of models:

U%, for TOA,
b
X =<{ 8n?B%- Ry, for MLE, (15)
2¢2
Tz Rb, for SS,
b



where R; is the SNR of the received signal at BSy, i.e.,

_ S As(®)dt

Ry No for MLE, and
[ 14 s(t)|2dt
— b
L for SS (16)

The effective bandwidth of the signal waveform £ is deter-
mined by

g = / PIS(Rdf,

where S(f) is the Fourier transform of s(¢). One assumption
made here is the normalization condition [ |s(t)|*dt = 1.

Substitute Eqgs. (13) and (14) into (10), it is straightfor-
ward to obtain

e

We notice that Jg depends on BS’s in both M (NLOS) and
L (LOS). However, we show in Appendix that

H:3X:H; + Hy2>Hj

15, H; (17)

1H,3,
=2 )

CRLB = [J,'] = [(H%.H;)"'| , forn=12 (18)
Hence the CRLB for the MS position is just relied on sub-
matrices Hy and X3, which involve only signals received by
LOS stations. The contribution from the NLOS signals does
not count.

Because of the inherent similarities, it is adequate to con-
fine our discussion to the explicit formula of the MLE model.
Thus, with Eq. (18), the mean squared Euclidean distance
between the true MS position p = (z,y) and its estimate

E: (£, 9) is lower bounded by

Ee [0 -0)] = Be [(e = 2)°] + B [(y - 9)°]
: Zbec Ry
Z Zbl,bZ €L Rb1 Rb2 Sin2(¢b1 _ ¢b2) )

where o = 87232,

In estimating the path length [,, of the signal received at
NLOS base station m, we find the following lower bound of
the estimate error

v
Q%

(19)

EQ [(lm _/l\m)2] 2 [Ji_l]m+2,m+2

i 22 2ot e cugmy Boi Bos sin®(dp, — Pby)
aRn, Z Zb1,b2 €L Rb1 Rbg sin? (¢b1 _ ¢b2) )

2
for m € M.

>

- k]

Qlvm

(20)

Now we are in a position to provide a physical interpreta-
tion of Egs. (19) and (20).

First, as expected, Fp [(p — /ﬁ)2] depends only on the LOS
signals. This implies that when trying to estimate an MS
position in NLOS environment, the performance should be
the same for the algorithm of separating and then rejecting
NLOS signals as that of actually estimating the NLOS induced
path length l,,’s along with p = (z,y) . The former usually
requires less computational complexity. If we need to estimate
an [, for other purpose, such as channel estimation, a similar
conclusion from Eq. (20) is drawn: the other (M — 1) NLOS
BS’s do not help to improve the estimation accuracy of /l\m.
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Only the signal received by (B — M) LOS BS’s and the NLOS
signal at the specific BS,, matter.

Secondly, Ep [(p—p)’] is inversely proportional to the
square of effective bandwidth, 82, as previously known in
radar estimation (see e.g., [9]).

Thirdly, the accuracy is influenced by the geometric rela-
tion among the LOS BS’s, only through sine functions of the
angle differences (¢s; — s, ), b1, b2 € L, seen by the MS. It be-
comes infinitely large when all LOS BS’s and the MS happen
to lie on a straight line, i.e.,

Ep [(p—p)°] — +oo, as ¢u, — v, = 0,7, for by, by € L.
Fortunately, such is rarely the case in reality.

III. RELATION BETWEEN MLE AND TOA BASED
APPROACHES

Formulating geolocation as an MLE problem directly ap-
plied to the received waveforms has various advantages, e.g.,
its theoretical analysis naturally relates to some important sig-
nal parameters, such as the SNR and the effective bandwidth
efficiency (3). However, its direct mathematical solution often
demand to evaluate a complex optimization problem, while
the conventional optimization techniques, i.e., the steepest
descent method and its variants can be computationally ex-
pensive. Therefore, most wireless geolocation approaches pro-
posed in recent years pursue, instead, an ad hoc approach,
which performs geolocation estimation based on TOA mea-
surements. The computation complexity is then kept at a
manageable level. A possible relation between the optimum
MLE approach and the popular TOA methods has not been
reported in the existing literature and is the theme of this
section.

Recall the Fisher information matriz for g is

Jy,=H.J,. -H",

which are applied to both MLE and TOA positioning. This
indicates if (J;)roa = (Jr)mLE, ie., (M)roa = (Ms)MmLE
(see Eq. (15) for the definition of Ap), is satisfied, the CRLB
of an MLE receiver is equivalent to that of TOA positioning.
In fact, this equivalence can be established, if 75’s are esti-
mated at the matched filter output with high SNR, which is a
well-known results in radar theory [9]. An immediate signifi-
cance of this result is that the (presumably) complicated MLE
solution is now decomposed into the two simple and practical
steps: time delay estimation and positioning with 7,’s. Hence
the existing TOA based methods can serve as critical compo-
nents of an overall geolocation algorithm for an MLE solution.

We can establish the relation between SS based and TOA
positioning with a similar technique.

IV. GENERALIZATION OF THE CRLB FOR PARAMETER
ESTIMATION WITH UNWANTED PARAMETERS

If we examine the proof of Eq. (18) carefully, we may notice
a same consequence, that the CRLB of the MS position ignore
the existence of NLOS signals, can hold by replacing Eqgs. (3)-
(6) with some less specific conditions.

We now present a generalized conclusion of the CRLB for
parameter estimation with unwanted parameters. Let B =
{1,2,---, B} be the set of indices of the B receivers. Given the
observations {ry(t,75)}£_;, where 7’s are not necessary to be
time delays, we are interested in estimating parameters u =



(u1,u2,---,un). However, some unwanted parameters v =
(v1,v2,---,vK) inevitably exist. u, v and 7 = (11,72, -+, 7B

are related as
go(u, ),
Tb p—
{ go(u),

forbe M
for b e L, (21)

where M = {ki1,k2,---,km} is a subset of B, the set of
the indices of the receivers which receives signals contain-
ing unwanted parameters. L is clear to be B\ M. We
assume M = {1,2,---, M} without loss of generality. De-
fine § = (u,v). For the joint probability density function of
{rs(t, 1)}, denoted as fa(r), we make the following as-
sumption

fﬂ(f) = fl(Tb(@)vrbv be ‘C) . fZ(Tb(@7 ’I_J),’l“b, be M): (22)

which is true in many practical problems. With a similar
argument as before, we have the Fisher information matrix
for 6 as

Jy=H-J.-H",

where J. is also a Fisher information and

ksl .. Orm | - 7B
Ouq Ou1 du1
6;—1 .. 37'_M I - 3‘;13
dupn dup dupn
H=| ——— ——— ——— | ——— ———
[eis .. 9Tm | 97p
Ovy dvy vy
o e | o
vk vy v (23)
J; is evaluated as
QM) o
J: = 24
- ( 0 QW ) @

where Q,(£) and Q,(M) are not necessary to be diagonal
matrices as in Eq. (14). £ and M in the parentheses de-
note the corresponding quantities are associated to LOS and
NLOS signals respectively. Substitute Eq. (21) into (23), it is
straightforward to obtain

. H{(M) H»(L)
H_(Hs(/\/l) A ) (25)

With Egs. (24) and (25), it is straightforward to obtain

J, = H1Q1H{I(M)+H2Q2H§I(£) HlQlH?{{(M)
¢ H;Q, H{' (M) H;QHi (M) /-
(26)
We claim that if (1) det (H3Q,Hj') # 0; (2) there exists
an N x K matrix T such that Hi(M) = T - H3(M), the
CRLB for u are

Eofun — ) > (37), = ([H@,H(0)] )

nn

for1<n<N, (27)

where 4, is the estimate of u,,. The proof uses the exact trick
in derivation of Eq. (18). Thus the contribution of signals
from receivers in M are completely ignored. We now see that
the CRLB for NLOS geolocation in Section II is nothing but
a special case of this generalized layout.
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for geolocation in the NLOS environment.
physical interpretation for a better understanding of NLOS
geolocation procedure, which can provide a useful guidance in
devising a specific algorithm. We generalize the formulation of
the CRLB for NLOS geolocation to a broader settings of pa-
rameter estimation with unwanted parameters, where signals
in M do not influence the lower bound.

V. CONCLUSIONS

In this paper, we present a unified approach for the CRLB
We explore its

Appendix: Derivation of Eq. (18)

It suffices to show

o, = [Esate) ] . @

11

which can be done in the following four steps:

1. It is clear that

36(1,1)
[
[Jﬂ ]11 - |J9|

; (29)

where jg(1,1) is an (M + 1) x (M + 1) matrix obtained
by deleting the first row and the first column of Jy, and
| - | is to take determinant of a matrix.

2.
EA H, 3, H{ + Hb3HY 1H: 3,
¢ sy HY 13
_ H,>,HZ 0
ImH{ 5%
_ |mLuY|.|Lls (30)
- | 2442119 | 0—2 1f-
3.
‘jo;(l,l)

~ ~H ~ ~H ~
H;1,0021H;(1,0) +I§12(1,0)22H2(1,0) 1H,1,0)3:
¢Z1Hi¢,0) =3

~ ~H
Hj(1,0)22Hy1,0) 0
1w o2 1
231 Hy1,0) =2

c

~ ~H
= |Hay(1,0)22H>(1,0)

1
a2

where ﬁ1(1,0) and ﬁ2(1,0) are obtained by deleting the
first row of H; and Hj, respectively.

4. Substituting Egs. (30) and (31) into Eq. (29), we have

~ ~H
|H2(1,0)22H2(1,0)

CRLB = [JQ_I] no- |H222H§|

[(H222H§)‘1] L
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